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ABSTRACT. In this paper, we define the upper and lower inverse
of a fuzzy soft multifunction and prove some basic identities. Then by
using these ideas we introduce the concept of fuzzy soft continuity and
obtain many interesting properties of fuzzy soft upper and lower semi-
continuous multifunctions. Also, we define the notions of fuzzy soft lower
(A, B,C,D,I)-continuity and fuzzy soft upper (A,B5,C,D,T)-continuity.
Moreover, we present different cases of upper and lower fuzzy soft con-
tinuous multifunctions.
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1. INTRODUCTION

Most of the existing mathematical tools for formal modeling, reasoning and
computing are characteristically crisp, deterministic and precise. However, in real
life, the problems in economics, engineering, environment, social science, medical
science, etc., do not always involve crisp data. The reason for these difficulties is
possibly, the inadequacy of the classical parameterization tool in general. Conse-
quently, Molodtsov [17] initiated the concept of soft set theory as a new mathemat-
ical tool for dealing with vagueness and uncertainties which is free from the above
difficulties. Molodtsov [18] successfully applied the soft set theory into several direc-
tions, such as smoothness of functions, game theory, Riemann integration, Perron
integration and theory of measurement. Maji et al.[14] gave a practical application
of soft sets in decisionmaking problems. They have also introduced the concept of
fuzzy soft set (Maji et al. [13]), as more generalized concept, which is a combination
of fuzzy set (Zadeh [28]) and soft set (Molodtsov [17]) and also studied some of its
properties. Many of applications can be found in the works of Ahmad and Kharal
[7], Kharal and Ahmad [12], Tanay and Kandemir [27], Aygunoglu et al. [3], Cetkin
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et al. [9], Metin et al. [15], Metin and Alkan [16], Abbas et al. [1, 2, 3], Gunduz and
Bayramov [11], Abbas and Ibedou [6], Dizmana et al. [10], Qiu and Zhang [19], Qiu
et al. [20, 21] and Senel [22, 23, 24], Senel and Cagman [25] and Serkan and Idris

[26]. Metin et al. ([15]) defined the upper and lower inverse of a fuzzy soft multi-
function from ordinary topological space to fuzzy soft topological space in Chang
sense and proved some basic properties. Although there are some similarities of the
definitions and theorems between fuzzy soft topological spaces and fuzzy topological
spaces, there are a lot of differences. They arise especially when the cardinality |E|
of the set E of parameters is greater than 1. If |E| = 1, then a fuzzy soft topological
spaces can be treated as a fuzzy topological spaces and then the behavior of fuzzy
soft topological space 7, is analogous to a fuzzy topological space 7.

In this paper our purpose is two fold. First, we introduce the notions of fuzzy soft
multifunction, upper and lower inverse of a fuzzy soft multifunction and study their
various properties. Next, we introduce fuzzy soft upper and lower semi-continuous
multifunctions. Also, we define the notions of fuzzy soft lower (A, B, C, D, T)-continuous
and fuzzy soft upper (A, B, C, D, T)-continuous, then we present different cases of the
fuzzy soft continuity multifunction.

2. PRELIMINARIES

Throughout this paper, X refers to an initial universe and FE is the set of all
parameters for X. A fuzzy soft ( simply, FS ) set f, on X is called A-absolute

FS set and denoted by EA, if f. =X for A€, Az) =M\, foreach z € X

and e € E (where I =[0,1],1p = (0,1]). For f,,9, € (X,E), f,Ag, =@ if
faE gy and f, Ag, = f, Mg otherwise. The FSset f, = el = {(e,z)} 1is
called FS point where t € Iy, x; is fuzzy point and we say that ef belongs to the

x
—_~— —~—

FSset f, iffor e A, t < f (x). Also, themap a: Ex (X,F)x Iy — (X,E) is
called a FS operator on X.
All definitions and properties of F'S sets and FS topology are found in [1, 2, 8, 9,

, 12, 14, 15, 21]. Recall that a FS ideal Z on X is a mapping Z : E — I(X:F)
that satisfies the following conditions for each e € F,

(1) Ie(q)) =1, Ie(E) =0, o

(11) Ie(fA I—IgB) ZIe(fA) /\Ie(ng fOI‘ CaCh fA?gB € (X’ E)7
(iii) if f, C g5, then Zo(f,) > Ze(gp).

—~

For f, € (X,E), I°(f,) =1, if f, =® and I2(f,) =0, otherwise.

(X,7,) is a FS topological space (See [J]), if a mapping 7 : E — I(X:F)
satisfies the following conditions for each e € F,

—

) Te(®) = Te(E) =1, o
) 7e(Fa195) 2 7o) ATel0,), Y fan, € (X.B),
(T?’) Te(l_liEF(fA)i) > /\iel" Te((fA)i)v ;/ (fA)i € (X» E)7 1€l

=
N =
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Let (X,7,) be a FS topological space. Then the mapping 7¢: IX — I defined
as: for each e € F,

7'6()\) _ { V{TGIOZTe<fA)ZT}’ )\:fe

0 otherwise

is a fuzzy topology on X, so for each parameter e € F, we have a fuzzy topology 7¢
on X. Thus, a FS topology on X gives a parameterized famely of fuzzy topologies
on X.

3. Fuzzy SOFT MULTIFUNCTIONS.

In this section we introduce the same definition from F'S topological space to FS
topological space in Sostak sense which is a generalization of the same concepts
introduced by Metin et al. 2015 ([17]).

Definition 3.1. Let ¢: EF — K. Then, F: X —Y is called a FS multifunction,

if F(x):K —1IY isaFSseton (Y,K), for each x € X. Also, F is said to be

onto, if for each FS set g, € (Y, K), thereis = € X such that F(z)=g,.
The degree of membership of y in F(x) with respect to a parameter k € K is
denoted by:

(F(x))k(y) - (GF)k(xay)a k€ Kv

where Gp: K — IX*Y,
The inverse of F' denoted by F~ :Y — X is a FS multifunction defined by:

(F~ (). () = (F(2),, v) = (GF) ., (2,9), € € E.
The domain of F denoted by dom(F): E — IX, is defined as:

(dom(F)), (z) = \/ (GF) o (2,y), forze X, ye€Y and ec k.
yey

The range of F denoted by rng(F): K — IV, is defined as:

(rng(F)), (y) = \/ (Gp),(z,y), forze X, yeY and k € K.
zeX

Definition 3.2. FS multifunction F: X — Y is called:
(i) non-void, if F(z)#®, Vax € X,
(ii) surjective, if (rng(F)). (y)=1, YVyeY, ke K, ¢: E— K.
(iii) normalized, if Vx € X, e € F thereis yg € Y such that (Gr), (x,y0) = 1.

Definition 3.3. Let F: X — Y be a FS multifunction and ¢ : F — K. Then

—_~—

(i) the image F(f,) of f, € (X,E) is FSset in (Y, K) defined as:
(FUED) @ = V [(Gr)@y) A f, i, @),

rzeX
3



S. E. Abbas et al./Ann. Fuzzy Math. Inform. x (201ly), No. x, xx—xx

—_~— —_~—

(ii) the lower inverse F'(g,) of g, € (Y, K) is FS set in (X, F) defined as:
(F'(g)). (@) = V (GF),, (@ 9) Ag,e, )],

yey

—_~—

(iii) the upper inverse F%(g,) of g, € (Y,/\I?) is FS set in (X, E) defined as:
F(g)(e)@) = N\ G) 0 (2,9) V gy, )]

yey
Example 3.4. Let X = {x1,22}, Y ={y1,y2} and ¢ : E = {e1,ea} = {k1,ka} =
K, where v(e1) = k1, ¥(e2) = k2. Andlet F: X — Y be a FS multifunction
defined as:
(GF)kl (z1,91) = 0.2, (GF)kl (z1,y2) = 0.3, (GF)kl (z2,y1) = 0.4,
(GF)kl (z2,y2) = 0.2, (GF)k2 (z1,y1) = 0.5, (GF)IQ (z1,92) = 1.0,
(GF)k2 (z2,91) = 0.0, (GF)k:2 (z2,y2) = 0.7.
Then
dom(F) = {(e1,{0.3,0.4}), (e2,{1.0,0.7})}
and
rng(F) = {(k1,{0.4,0.3}), (k2,{0.5,1.0})}.
Thus for FS sets,

fe ={(e1,{0.2,0.8}), (e2,{0.3,0.5})}

and
9K = {(kla {075 0'1})7 (k27 {067 05})}7
we have
F(fy) = {(k1,{0.4,0.2}), (k2,{0.3,0.5})},
F'(g,e) = {(k1,{0.2,0.4}), (k2,{0.5,0.5})}
and

F“(g,.) = {(k1,0.7), (k2,0.5)}.
So F*(g,) # F'(g,)-

Proposition 3.5. Let F: X — Y be a FS multifunction and ¢ : E — K. Then

(1) ((fA) ) C F((fA)2) if (fA)l - (fA)27
(( ) ) E F (( 3)2) and Fu((gs)l) - Fu(<gs>2)? if (gB>1 - (93)2’
F“(gB) C Fl(g,) and (F'(g,))° C F'(g¢%), if F is normalized,
(F(f ) EF(fS), if F is surjective,
5) (F'(gy))® = F"(9,) and (F"(g5))° = F'(g5),
6 F(E~'/\) = l?\ if F is surjective,
7 Flg,n K)=Fg,)n £

Proof. (1) and (2) obvious from the definition.
(3) Since F is normalized, there exists yo € Y such that (Gr), ., (z,5) = 1.
Then

(2)
(3)
(4)
()
(6)
(7)

(F'ga)). (@) = VUG, (@ 9) Ag,.,®)]

yey
[(GF)/w(e) (Iv yO) A gw(e) (yO)] = g'll’(e) (y0)7
4

v
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(F*(95)).(z)

A UGH) 0 (@,9) Vg, )]
yey

[(GF)U,(E) (l’, yO) v Gy )(yo)] = 9o (yO)

(V [(Gr)ye, @ 9) A gy, W)
yey

A GH) o, (@:9) Vo5 ()]
yey
[(G%)w(e) (J?, yO) \ g;( )(yo)] = gz(c) (yo)’
(F'(g5)). (x) V (Gr)y (@ 9) AgE ()]
yey

v

[(GP) e (T 90) A gy (o)l = g5 . (o)
=) C Fl(g5)-
(4) By similar way as (3)
(5)

(FU(g%)). ()" =

Vyev[(Gr) o (m,9) A g (@)))°
= /\er[(G%‘)w(w (x,y) \ gq( )( ] =
Then (F'(g5))° = F(g, ).

y
y)l = (F(95)).)(x)-

So (F'(g

By similar way, we can prove that (F*(g¢))¢
6) Si

¢ Fl(gB)-
(6) Since (F(E")), () = Voex[(Gr), (,0) AE)

g @]
= Nyev (G, (@,9) Vg¢( L, ()]
N = (F“(QB))C)(SU),

FEY) =K

(7) Since (F'(g, NR)), (@)

= \/er[(GF)w(e) (z,y) (gB nK ) (e )(y)]
= \/yGY[(GF)w(e) (.’17 y) (gq( )( )] AA
= [(F'(g5)). (@)] AN,
Fl(g, NK") = F'(g,)NE",

Proposition 3.6. Let F: X — Y be a FS multifunction and ¢ : E — K. Then
(1) F(Mier(fa)i) E '"'zerF((fA) ) and F(Uier(f,)i) = Uier F((f4)i),

(2) FZ(HZGF(QB> ) C rllEFF (( )2) and Fl(l—lier(gB) ) = UZEFF ((gB) )
(3) F“(Uier(g9z)i) 2 Uier F*((g )z) and F"(Mier(g;)i) = Nier £ ((95):)-
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Proof.
(1) (F(Mier(f0)) @) =V (Gr)(@9) A(Mier(fa)i), 1, ()]

zeX

= VIAGH, @9) AL, 1, @)

zeX i€l

< ALV @)@y A (£, 0, @)

i€l xeX

= AE)N) W)

ier
Then F(l_liEF(fA)i) - HiEFF((fA)i)'
By the same way, we can prove (2) and (3). O
Proposition 3.7. Let F: X — Y be a FS multifunction and ¢ : E — K. Then
(1) F(FYg,)) 29, and F(F“(g,))Cg,, if F is surjective,
(2) FYF(f,) 3 f, and F“(F(f,)) 2 f., if F is normalized,
(3) F(F“(9n)) # 95, F“(F(f.))# fa and F(F'(g,)) # gp-

Proof. (1) Since F is surjective, we have rng(F), (y) =1, forall y €Y, k € K.
Then

(F(F(g)) @) = V(Gr)(@y) A (F(95)),1, ()]

rzeX

= VI@Gr)(z,9) A\ [(Gr)(@,9) A g W))]]

reX yeY
> \/ (GCr),(@.9) A (Gr), (2,9) A g, ()]
rxeX
= VIGr),.(@.y) Ag,®)] =g.)-

Thus F(F'(g,)) 3 95-
The other case is similarly.
(2) Since F is normalized, there exists yo € Y such that (Gg), (x,yo) = 1. Then

(FYEGIN. @) = N UCr) e @,9) AFESL)) 0, W]

yey

V UGF) ., (@) ACN (Gr), (@) A f.(2)))]

yey zeX
= \/ (GF) o, (@, y) N(Gr), (%,50) A f.(2))]
= \/ [(GF)w(e) (SC, y) N f. (CU)] = f, (l‘)

yey

Thus F'(F(f,)) 2 /.-
The other case is similarly. O
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Example 3.8. Let X = {z1,22}, Y ={y1,y2} and ¢ : E = {e1,ea} = {k1,ka} =
K, where ¢(e1) = ki, ¥(e2) = ko. And let F : X — Y be a FS multifunction
defined by:

(G )kl (z1,91) = 0.1, (GF)kl (z1,92) = 1.0, (GF)kl (z2,y1) = 0.0,
( F)y, (@2,92) = 0.5, (GF),, (z1,91) = 0.3, (GF),, (x1,92) = 0.5,
GF)y, (v2,91) = 0.2, (GF)k2 (22,92) = 0.0
If fE ={(e1,{0.3,0.4}), (e2,0.7)}, then

and

F“(F(fs)) = {(e1,{0.4,0.5}), (e2,{0.5,0.8})} # f,.
It g, = {(k1,{0.6,0.4}), (ks, {1.0,0.3})}, then

F(F'(g,)) = {(k1,{0.1,0.4}), (k2,0.3)} # g,
and

F(F*(g,)) = {(k1,{0.1,0.5}), (k2,{0.3,0.5})} # g

Definition 3.9. Let ¢: F - K, w: K — M and FS multifunctions F : X —o
Y, H:Y —o Z. Then the composition H o F' defined as:

(HoF)()),,(z) = \/ (Gn),.(y,2) AN (Gr)__y,, (2,9)]

yey

Theorem 3.10. Let ¢ : E — K, w: K - M and FS multifunctions F : X —o
Y, H:Y — Z. Then

(1) ((HoF)=H(F),
(2) (HoF)' =F'(H"),
(3) (HoF)* = F"(H").

—~—

Proof. (1) Let f, € (X, E). Then

(HoP)f )2 = V (Cror) @) Af, oy @)

= z\i/i[\é((GHu(y,z)A(GF)w1<m><x7y>) Ay tmt omyy (@)]
= \64[2H>m(y,z>A<\e/X<<GF> e @A L, @)
= y\/ (Gr) (55 2) A (P()) sy W]

= Z(J;JY(FUA))),H,(Z»

Thus ((Ho F)= H(F).



S. E. Abbas et al./Ann. Fuzzy Math. Inform. x (201ly), No. x, xx—xx

(2) Let w, € (Z,M). Then

(H o F)(wy)),(z) = \/Z[(GHOF)W(w(e))(va)/\ww(w(e))(zﬂ
= Z\:/Z[ \e/y((GF)w(e) (@,9) NMGE(Y:2)) (muien) N Waiyio (2)]
= \G/Y[ZF)W (@, y) A ( \e/z[(GH)WW)) (Y, 2) N w0, (2))]
= y\e/y[GF)W) (@,y) A (H' (w,,)) (., ()]

= (F/(H (wp))).(x).
Thus (H o F)! = FY(H).
(3) The proof is similar to (2). O

4. CONTINUITY OF FUZZY SOFT MULTIFUNCTIONS.

In this section, we introduce FS upper and lower semi-continuous multifunctions
which a generalization of FS continuous multifunctions introduced by Metin et al.
2015 ([17]).

Definition 4.1. Let ¢: E — K and F:X — Y be a FS multifunction between
two F'S topological spaces (X, 7,), (Y,n.), e€ E and r € Iy. Then F is called:
(i) FS upper semi-continuous at a FS point €!, € dom(F), if el € F¥(g,) for
each g, € (Y,K) and 7, (g9;) >, thereexists f, € (X, E), 7,(f,) >r
and e! € f, such that f, Mdom(F)C F“(g,),

(ii) FS upper semi-continuous, if it is FS upper semi-continuous at every e. &
dom(F),

(iif) F'S lower semi-continuous at a F'S point el € dom(F), %G Fl(g,) for
each g, € (Y,K) and n,,,,(9;) > 7, thereexists f, € (X, E), 7.(f,) >r
and ¢!, € f, suchthat f, C Fl(g,),

(iv) FS lower semi-continuous, if it is FS lower semi-continuous at every e, €
dom(F).

Remark 4.2. If F is normalized, then F is FS upwmi—continuous at a F'S point
el € dom(F) iff el € F“(g,) for each g, € (Y,K) and 7,,,(95) > r, there

—_~—

exists f, € (X,E), 7.(f,) >r and €, € f, suchthat f, C F“(g,).

Theorem 4.3. Let F: X —Y be a FS multifunction between two FS topological
spaces (X,7,), (Ying), v E—K, g, € (Y,K) and e€ E.
(1) If F is normalized, then F is FS upper semi-continuous iff
T.(F“(95)) Z My (95)-

(2) Fis FS lower semi-continuous iff

7.(F(95)) ? Myier (95)-
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(3) If F:(X,7,) — (Y,n,) is FS lower semi-continuous multifunction, then
F: (X,7¢) —o (Y, n%(®)) s fuzzy lower semi-continuous multifunction, for
each e € E [4].

(4) If the normalized F : (X,7,) — (Y,n,) is FS upper semi-continuous
multifunction, then F : (X, 7¢) —o (Y,n¥(©) is fuzzy upper semi-continuous
multifunction, for each e € E.

—_~—

Proof. (1) Assume that, there is g, € (Y, K) and r € Iy such that
T (F(95)) <7 <1, (95)-

Since F is normalized and F'S upper semi-continuous, for e}, € F*(g,) with 7, (g,) >

—_~—

r, there is (f,)er € (X, E) with 7,((f,)er) > 7 and el € (f,)e such that
(fA)e; C Fu(gB)' Then 6; € Fu(gB) = Lle;eFu(gB)(fA)e;- Thus

T.(Fg.) =7 || D)z AN m(fa)e) 2

eL€F"(gg) eL€F(gg)

It is a contradiction. So 7, (F*(g,)) > 1,.,(95)-

Conversely, Suppose that 7, (F"(g,)) > n,,,(95), for any g, € (Y, K). Consider
e, € dom(F) and 7, (9,) > r such that e, € F“(g,). Then 7, (F*“(g,)) >
Ny (gs) = 7. Thus F'is F'S upper semi-continuous at et. So F is FS upper
semi-continuous.

(2)The proof can be proved as (1).
(3) and (4) follow directly from (1), (2) and (X, ,) and (Y,7,,.,) are two fuzzy

topologies. O

The following example shows generally that F is FS upper semi-continuous but
not normalized and 7, (F"(g,)) > 1, (95 )-

Example 4.4. Let X = {x1,22}, Y ={y1,y2} and ¢ : E = {e1,ea} — {k1,ka} =
K, where t(e1) = k1, ¥(e2) = ka. And let F : X — Y Dbe a FS multifunction
defined by:

(GF)i, (z1,91) = 0.1, (GF),, (21,92) =04, (GF),, (¥2,41) = 0.3,

(GF)kl (1‘2, yg) = 0.2, (GF)k2 (xl,yl) = 0.4, (GF);Q (C(Jl,yg) = 0.6,

(GF)k2 (552, yl) = 0.5, (GF)k2 (.1‘2, y2) =0.9
And let f, ={(e1,{0.5,0.8}), (e2,0.6)}, g, = {(k1,{0.4,0.6}), (k2,{0.4,0.5})} and
the FS topologies (X, 7,), (Y,n,) are defined as:

ifu, =® or E
if Uy = fE
otherwise,

if (w, =® or K
if W = gk
otherwise.

T (up) =

O~ =

M ((wK) =

Onl=

Then F is FS upper semi-continuous, where F*(g, ) =
and dom(F) = {(e1,{0.4,0.3}), (e2,{0.6,0.9})}. But 7 (F
and F is not normalized.

{(k1,{0.6,0.7}), (k2,0.5)}
“(9x))=0Z n,,.,(9,)=0.5

9
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The following example shows generally that F is fuzzy upper semi-continuous but
not F'S upper semi-continuous.

Example 4.5. Let X = {1,232}, Y ={y1,y2} and ¢ : E={ej,ea} = {k1,ka2} =
K, where t(e1) = k1, ¥(e2) = ko. And let F : X — Y be a FS multifunction
defined by:

(GF)kl (z1,y1) = 0.6, (GF)kl (z1,y2) = 1.0, (GF)kl (z2,y1) = 1.0,

(GF)y, (22,92) = 0.1, (GF),, (z1,y1) = 1.0, (GF),,(21,y2) = 0.5,

(GF)i, (x2,91) =04, (GF),, (22,y2) = 1.0
Let f, = {(e1,{0.4,0.3}), (e2,{0.5,0.4})}, g, = {(e1,{0.3,0.2}), (e, {0.4,0.3})},
h, = {(k1,{0.3,0.4}), (k2,{0.4,0.3})} and FS topologies (X, 7,), (Y,n, ) are defined

as: ~
ifu, =® or E

if u, = f,

if u, =g,

otherwise,

if (w, =@ or K

if jw, =h,

otherwise.

) (Yo, ), (Yin,,) are defined as:

if A=0,1
if A= f.(e;) ={04,0.3}
if A=g,(e1) ={0.3,0.2}
otherwise,

ifA=0,1
if A= f.(e2) ={0.5,0.4}
if A=g,(e2) ={0.4,0.3}
otherwise,
if p=0,1
if w=nh,(k)=1{0.3,04}
otherwise,
if u=0,1
if w=h,(ky)=1{0.4,0.3}
otherwise.

=
kol
—
—
g
=
I

!
Q
&
Il
—_——

O Nf= O o= =

q

Then fuzzy topologies (X, 7, ), (

b

7., (A) =

€1

T.,(A) =

€2

Mey (n) =

My (n) = {

Thus dom(F ):E and F is fuzzy upper semi-continuous, because

Owl= = Owl= = Onlkwl= = Onlole

(Fu(hx))(el) = {04703} = fE (61)

and
() E0) = 3 2 1 (e (0e) = 5.
Also
(F*(h,0))(e2) = {0.4,0.3) = g, (e2)
and
(P (e2)) = 3 > my (e (e2)) = 5.

10
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But F is not FS upper semi-continuous, because

Fu(h,.) = {(e1,{0.4,0.3}), (e2, {0.4,0.3})}
and
T (P () =0 £y () = 5, Ve E.

Theorem 4.6. Let o : X - Y, v E—- K, 9:Y - Z and w: K — M. Let
F:X —Y,H:Y — Z be two FS multifunctions and let (X, 1), (Y,n,) and
(Z,0,,) be three FS topological spaces. Then we have the following:

(1) If F and H are normalized FS upper semi-continuous, then H o F is FS
upper semi-continuous,

(2) If F and H are FS lower semi-continuous, then H o F is F'S lower semi-
continuous.

—_~—

Proof. (1) Let F, H be normalized FS upper semi-continuous and w, € (Z, M),
e € E. Then from Theorem 3.10, we have

T.((Ho F)*"(w,)) = 7. ((F*(H"(wp)))) = 1,0, (H"(95)) Z 00 (W5 )-

Thus H o F is FS upper semi-continuous.
(2) The proof is similar to (1). O

Definition 4.7. Let ¢ : E — K and F : (X, 7,,Z) — (Y,n, ) be a FS multifunction,
where 7 is a FS ideal on X. For A, B are FS operators on (X,7,) and C,D are FS

e~

operators on (Y, n, ), respectively. Then, V g, € (Y,K),r € Iy and e € E,
(i) F is called FS lower (A, B,C, D, T)-continuous, if

Z. [A(e, FI(D(Q/}(6)7 9p>» T))a 7‘) A B(ea Fl (C(@/}(ﬁ), 9s> T))a T)] > Thi(e) (gB)'
(ii) suppose F' is a normalized, then F is called F'S upper (A, B, C, D, T)-continuous,
if
Ie [‘A(ev FU(D(QZ)(@)» 95> T))a T) A B(ev FU(C(¢(€)7 95> T))a T)] > Thy(e) (gB)'
We can see that, the above definition is generalized of the concept of F'S lower (resp.
upper) semi-continuous multifunction (Theorem 4.3), when we choose, A4 = identity

operator, B = interior operator, D =identity operator, C =identity operator and
T=A

From the above definition, we can present different cases of the FS continuity
multifunction as follow:

(i) F is FS lower almost continuous (resp. normalized FS upper almost con-

tinuous) multifunction: for every g, € (Y,K), r € Iy and e € E with
Thy(e) (gB) > r, then
F'(g,) Cint, (e, F'(int, ((e), cl, (¥(e), g, 7), 7)), 7)
(resp.  F*"(g,) Eint, (e, F*(int, (¢ (e),cl, (¥ (e), g5,7),7)), 7))
Here, A =identity operator, B = interior operator, C =interior closure op-

erator, D =identity operator and T = Z°.
11
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(i)

(iii)

(vii)

F is FS lower weakly continuous (resp. normalized FS upper weakly con-

tinuous) multifunction: for every g, € (Y,K), r € Iy and e € E with
Thy(e) (gB) >, then
F'(g,) Cint, (e, F'(cl, (¢(€), g,7)). )
(resp.  F"(gg) Eint, (e, F*(cl,(¢(€),95,7))7))
Here, A=identity operator, B=interior operator, C= closure operator, D=identity
operator and Z = Z9.
F is FS lower almost weakly continuous (resp. normalized FS upper almost

weakly continuous) multifunction: for every g, € (Y,K),r € Iy ande € E
with 7ye)(9,) > 7, then
F'(g,) Eint,(e,cl, (e, F'(cl, (v(e), g5,7)),7).7)

(resp.  F"(g5) Eint (e, cl (e, F(cl, (¢(e), g5,7)),7),7))
Here, A =identity operator, B = interior closure operator, C = closure
operator, D =identity operator and Z = Z°.
F is FS lower precontinuous (resp. normalized FS upper precontinuous)

multifunction: for every g, € (Y, K), r € Ip and e € E with 1y)(g9,) > 7,
then
F'(g,) Eint, (e.cl, (e, F'(g,),7),7)
(resp. F%(g,) Cint_(e,cl_(e, F“(g,),7),7))
Here, A =identity operator, B = interior closure operator, C = identity
operator, D = identity operator and Z = Z°.
F is FS lower strongly precontinuous (resp. normalized FS upper strongly
precontinuous) multifunction: for every g, € (?,\_/K)7 r € Iy and e € F with
My (e) (gB) > r, then
Fl(g,) Cint_(e,Pcl_(e, Fl(g,),7),7)
(resp. F"(g9,) Cint_(e,Pcl (e, F*(g,),7),7))
Here, A =identity operator, B = interior preclosure operator, C = identity
operator, D = identity operator and Z = Z°.
F is FS lower a-continuous (resp. normalized FS upper a-continuous) mul-

tifunction: for every g, € (Y,K), r € Ip and e € E with ny(e)(95) > 7,
then;
Fl(g,) Cint_(e,cl_(e,int_(e, F'(g,),r),7),7)
(resp. F%(g,)Cint_(e,cl (e, int_(e, F'(g,),r),7),7))
Here, A =identity operator, B = interior closure interior operator, C =
identity operator, D = identity operator and 7 = Z°.
F is FS lower almost a-continuous (resp. normalized FS upper almost

a-continuous) multifunction: V g, € (Y,/\I?), r € Ipande € E with
Thy(e) (gB) > T, then
F'(g,) E avint (e, F'(Scl, (¢(e),g5,7)),7)

(resp. F"(g,)E aint, (8’2FU(S Cln (¥(e),95.7)),7))
1
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Here, A =identity operator, B = « interior operator, C =semi-closure oper-
ator, D = identity operator and Z = Z°.
(viii) F is FS lower weakly a-continuous (resp. normalized FS upper weakly

—~—

a-continuous) multifunction: Vg, € (Y,K), r € Ipande € E with
Mp(e)(95) = 7, then

F'(g,) € avint, (e, F'(cl, (v(€), g, 7)), 7)

(resp.  F"(gy) E aint_(e, F*(cl, (¢(€), g5, 7)),7))
Here, A =identity operator, B = « interior operator, C =closure operator,
D = identity operator and Z = Z°.
(ix) F is FS lower f-continuous (resp. normalized F'S upper S-continuous) mul-

—~—

tifunction: for every g, € (Y,K), r € Ip and e € E with ny(e)(95) > 7,
then;
Fl'(g,) Ccl_(e,int_(e,cl (e, F'(g,),7),7),7)
(resp. F%(g95) Ecl_(e,int_(e,cl_(e, F“(g5),7),7),7))
Here, A =identity operator, B = closure interior closure operator, C =
identity operator, D = identity operator and Z = Z°.
(x) F is FS lower almost [-continuous (resp. normalized FS upper almost

—~—

B-continuous) multifunction: V g, € (Y,K), r € Iyand e € E with
Ty (e) (gB) > r, then
Fl(g,) C Bint_(e, F'(Scl, (¥(e), g, 7)).7)

(resp.  F"(g5) E fint (e, F*(Scl, (¢(e), g5,7)),7) )
Here, A =identity operator, B = /3 interior operator, C =semi-closure oper-
ator, D = identity operator and Z = Z°.
(xi) F is FS lower weakly [S-continuous (resp. normalized FS upper weakly

B-continuous) multifunction: V g, € (Y,K), r € Ipande € E with
Thy(e) (gB) >, then

F'(g,) E Bint_(e, F'(cl, (¥(€). g5, 7)),7)

(resp. F“(g,) E Bint (e, F*(cl,(¢(€),95,7)),7))
Here, A =identity operator, B = ( interior operator, C =closure operator,
D = identity operator and 7 = Z°.
Where, int_,cl_,Scl ,Pcl ,aint_,Bint_and Bcl_ are found in ([1, 16]).

5. CONCLUSIONS

In the present work, we have continued to study the properties of fuzzy soft
topological spaces. We introduce the notions of fuzzy soft multifunction, upper
and lower inverse of a fuzzy soft multifunction and study their various properties.
Next, we use these ideas to introduce upper and lower fuzzy soft semi-continuous
multifunctions which are generalization of the concepts introduced in Abbas et al.
[4, 5]. We hope that the findings in this paper will help researcher enhance and
promote the further study on fuzzy soft topology to carry out a general framework
for their applications in practical life.
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